Abstract. We give a method for constructing all torsion-free sheaves on a elliptic surface X which are stable with respect to a polarization of type aH + bµ, H being the section and µ the elliptic fibre (b ≫ 0). We prove that if the relative degree is zero, all these sheaves are the Fourier-Mukai transforms of the torsion-free rank one sheaves supported on those curves D in X which are flat over B (by torsion-free sheaves on singular curves we mean sheaves of pure dimension 1 and with support of codimension zero). This generalizes and completes earlier constructions of stable bundles due to Friedman, Morgan and Witten. The method is a consequence of a structure theorem for the moduli space M(a, b) of stable sheaves on X with fixed Chern character: we prove that there exists a universal restricted spectral cover over a Hilbert scheme and that M(a, b) is isomorphic via Fourier-Mukai to a relative compactified Jacobian of torsion-free stable rank one sheaves on the universal restricted spectral cover. We also study the relative moduli scheme of sheaves whose restriction to each fibre is torsion-free and semistable of rank n and degree zero for higher dimensional elliptic fibrations X → B with a section. By means of the Fourier-Mukai transform we prove that this scheme is isomorphic to the relative n-symmetric product of the fibration. As a corollary we determine the Picard group and the dualizing sheaf of the moduli scheme. We also prove that the subscheme defined over the smooth locus by vector bundles is a projective bundle, thus recovering in particular results by Friedman, Morgan and Witten on the moduli of relatively semistable vector bundles with trivial determinant on fibres.
Introduction
Recently there has been a growing interest in the moduli spaces of stable vector bundles on elliptic fibrations. Aside from their mathematical importance, these moduli spaces provide a geometric background to the study of the late developments in string theory, notably in connection to the conjectural duality between F-theory and heterotic string theory ( [14] , [15] , [3] , [10] ).
In this paper we study such moduli spaces, dealing both with the cases of relatively and absolutely stable sheaves.
For the sake of simplicity we only consider elliptic fibrations p : X → B with a section and geometrically integral fibres, and assume that the base scheme B is normal, i.e., it is regular in codimension 1.
In a first part of we consider the relative (coarse) moduli scheme M(n, 0) of (S-equivalence classes of) B-flat coherent sheaves on X → B whose restrictions to the fibres of X are torsion-free and semistable of rank n and degree 0. (One should notice that the case of non-zero relative degree is somehow simpler, cf. [7] , [6] ). The moduli space M(n, 0) is a B-scheme, that is, it is endowed with a natural morphism of schemes M(n, 0) → B and a geometric point of it is determined by a torsion-free and semistable sheaf of rank n and degree 0 on a fibre X t of p :
The open subscheme M(n, 0) corresponding to locally-free sheaves is naturaly fibered over the relative Jacobian by means of the "determinant" morphism M(n, 0) → J 0 . Friedman, Morgan and Witten [14] [15] determined the fibre of this morphism over the origin, that is, the moduli space M(n, O X ) of vector bundles in M(n, 0) whose determinant is trivial on fibres. They proved that there is an open immersion of B-schemes M(n, O X ) ֒→ P(p * (O X (nH))) into a projective bundle over B which is an isomorphism over the open subset of B parametrizing the smooth fibres of p.
The use of the relative Fourier-Mukai transform, as considered in [5] , allows us to generalize this result by providing a structure theorem for the whole moduli space M(n, 0) in a very precise and simple way. As in [5] we take a "dual" elliptic fibrationp : X → B, which is actually isomorphic to p : X → B, and can be described as the compactified relative Jacobian of torsion-free rank one sheaves of relative degree 0. The relative Fourier-Mukai transform then maps (complexes of) sheaves on X to (complexes of) sheaves on X. We prove (Theorem 5.2) that there is an isomorphism of B-schemes M(n, 0) ∼ → Sym n B X between the moduli scheme and the n-th relative symmetric power of p : X → B, thus generalizing to the relative setting results of Atiyah [1] and Tu [27] . The restriction of this isomorphism to the smooth locus X ′ → B of p is quite easily described; it maps the class [F ] of a sheaf on a fibre X t to the point of the symmetric product defined by the 0-th Fitting ideal of the only non-vanishing Fourier-Mukai transform F on X t . The cycle defined by the 0-th Fitting ideal differs very little from the support of F , but displays a better functorial behaviour, and this is the key to our global constructions.
We also prove that this isomorphism tranforms the determinant morphism into the Abel morphism Sym n B ( X ′ ) → J n . The fibres of the determinant morphism M(n, 0) → J 0 are identified with the fibres of the Abel morphism; these are classical and well-known objects. Friedman-Morgan-Witten's theorem is thus quite easily derived from our result.
As a corollary we determine the Picard group of the relative moduli scheme M(n, 0); it is isomorphic with Pic(X) ⊕ Z. We also compute a canonical divisor of M(n, 0).
The second part of the work is devoted to the study of the (absolute) moduli space M(a, b) of stable torsion-free sheaves on X with respect to a polarization of the form aH + bµ, where H is the section of p : X → B and µ is the pull-back of a polarization on B. In this part we take B as a smooth projective curve so that X is a smooth elliptic surface (the most important case for applications to F-theory-heterotic string duality); however, much of what is done still holds for more general situations.
A relevant fact is that if we fix the Chern invariants (we impose that c 1 (F ) · µ = 0), for b ≫ 0 a torsion-free sheaf on X with the prescribed invariants is globally semistable if and only if its restriction to every fibre of p : X → B is semistable. The corresponding statement for stability is of course not true (there are no stable sheaves of degree 0 and rank greater than two on an elliptic curve), but the semistability result is enough to our purposes and enables us to use some of the relative constructions to the determination of the moduli space of (absolute) stable sheaves on X.
Friedman, Morgan and Witten [13] , [15] defined the notion of spectral cover associated with a relatively semistable vector bundle on p : X → B, and characterized absolute stable bundles when the spectral cover is integral and the bundle is regular on each fibre. We give a complete description of stable torsion-free sheaves without making any of those assumptions.
To do that we modify the definition of spectral cover and consider a restricted spectral cover. It differs very little from the spectral cover (only in the fact that certain embedded components have been removed) but presents many advantages; the restricted spectral covers are flat over B and compatible with base-change. There is a universal restricted spectral cover, which is a relative curve D → H over the Hilbert scheme of sections of M(n, 0) ∼ → Sym n B X → B. As in [15] every stable sheaf on X defines a section A : B ֒→ M(n, 0) ∼ → Sym n B X, a restricted spectral cover D A and a torsion-free rank one sheaf L on D A , which is no more than the first Fourier-Mukai transform of F . But we can here do this functorially getting for b ≫ 0 an isomorphism M(a, b) ∼ → J (D/H) between the moduli space of stable sheaves on X and a compactified Jacobian of the universal restricted spectral cover. This is our main result (Theorem 7.6).
Since non-integral (even non-reduced) spectral covers may appear in the theory, we define the compactified Jacobian of an arbitrary projective relative curve D → H as the Simpson moduli scheme of H-flat sheaves on D whose restriction to every fibre D A is torsion-free (of pure dimension 1 and zero codimensional support) rank one and stable with respect to a fixed polarization (cf. [26] ).
The absolute moduli scheme M(a, b) is then naturally a scheme over the Hilbert scheme H. Over certain components of H the moduli scheme is generically an abelian scheme as conjectured in [15] and [3] , but over others components this may fail to be true generically; in particular, its relative dimension may be different from the arithmetic genus of the corresponding spectral covers. The study of the compactified Jacobians in the sense considered here (that differs from the approach in [11] ) remains an open interesting problem.
For those sheaves whose restricted spectral cover are integral, we recover the results already proved in [15] , but making no assumptions about the generic regularity of the restrictions of the sheaves to the fibres of the surface, simply because every torsion-free rank one sheaf on an integral curve is actually stable.
The paper is organized as follows. Section 2 contains some preliminaries about elliptic fibrations and their Weierstrass representation, together with the calculation of the Todd class of the virtual relative tangent bundle. Fulton's singular Riemann-Roch is necessary since p : X → B in general is not smooth. In Section 3 we recall from [5] the relative Fourier-Mukai transform with its properties, especially its invertibility which is the key point for the proof of many of our results. We also compute the topological invariants of the Fourier-Mukai transform of a sheaf (more generally of an object of the derived category) using again singular Riemann-Roch. Section 4 describes degree zero semistable sheaves on a fibre of the elliptic fibration, that is, on a Gorenstein irreducible curve of arithmetic genus 1. Most of the material here is already in [1] and [27] and has been included to introduce notation and for completeness. In section 5 we prove the isomorphism M(n, 0) ∼ → Sym n B X with the aid of the relative Fourier-Mukai transform and derive the corollaries we have previously mentioned. The study of the absolute moduli schemes for smooth elliptic surfaces begins in Section 6 with a global construction of spectral covers and with the definition of restricted spectral cover. We prove here a first result about the characterization of absolute stable sheaves on X: if F is such a sheaf, its only non zero Fourier-Mukai transform defines a torsion-free rank one stable sheaf on the restricted spectral cover. In Section 7 we state and prove the main isomorphism M(a, b) ∼ → J (D/H) between the moduli space of stable sheaves on X and a compactified Jacobian of the universal restricted spectral cover.
This result give a method for constructing all (absolute) torsion-free stable sheaves on X: they are the 0-th Fourier-Mukai transforms of the torsion-free rank one stable sheaves on the curves D ֒→ X which are flat over B.
We also prove that there is an isomorphism of functors M(a, b) ∼ → J(D/H) between the functor of semistable sheaves on X and the functor of torsion-free rank one semistable sheaves on the universal restricted spectral cover. This isomorphism is not compatible with the S-equivalence and does not descend to an isomorphism between the corresponding (coarse) moduli spaces.
Preliminaries
Let p : X → B be an elliptic fibration. By this we mean a proper flat morphism of schemes whose fibres are geometrically integral Gorenstein curves of arithmetic genus 1. We also assume that the base B is a normal algebraic scheme over an algebraically closed field and that p has a section e : B ֒→ X taking values in the smooth locus X ′ → B of p. We write H = e(B) and we shall denote by X t the fibre of p over t ∈ B, and by i t : X t ֒→ X the inclusion. We shall denote by U ֒→ B be the open subset supporting the smooth fibers of p : X → B.
Let us denote by ω X/B the relative dualizing sheaf. Then p * ω X/B is a line bundle O B (E) and
as cycles on X.
By [9] , p : X → B has a Weiesrtrass form: the divisor 3H is relatively very ample and if
and P = Proj(S • (V )) (projective spectrum of the symmetric algebra), then there is a closed immersion of B-schemes
Moreover j is locally a complete intersection whose normal sheaf is
This follows by relative duality since ω P/B = Ω P/B ∼ →p * ω ⊗5 (−3) due to the exact sequence
The morphism p : X → B is then a l.c.i. morphism in the sense of ([16], 6.6) and it has a virtual relative tangent bundle
Proposition 2.1. The Todd class of the virtual tangent bundle T X/B is
Proof. We compute the Todd class from
and Eq. (2.3) taking into account Eq. (2.2).
Let Pic − X/B be the functor which to any morphism f : S → B of schemes associates the space of S-flat sheaves on p S : X × B S → S, whose restrictions to the fibres of f are torsion-free, of rank one and degree zero. Two such sheaves F , F ′ are considered to be equivalent if F ′ ≃ F ⊗ p * S N for a line bundle N on S (cf. [2] ). Due to the existence of the section e, Pic − X/B is a sheaf functor. By [2] , Pic − X/B is represented by an algebraic varietyp : X → B (an Altman-Kleiman compactification of the relative Jacobian). Moreover, the natural morphism of B-schemes
is an isomorphism. Here m x is the ideal sheaf of the point x in X t . The relative Jacobian J 0 → B of X as a B-scheme is the smooth locus X ′ ofp : X → B and over the open subset U supporting the smooth fibres of p one has J 0 U ≃ X U . As in [5] , we shall denote byê : B ֒→ X the section ̟ • e and by Θ the divisorê(B) = ̟(H). We shall write ι : X → X for the isomorphism mapping any rank-one torsion-free and zero-degree coherent sheaf F on a fibre X t to its dual F * . The induced isomorphism ̟ −1 • ι • ̟ : X → X will be denoted byι.
Most of the results in [5] are also true in our more general setting, in some cases with straigthforward modifications.
Relative Fourier-Mukai transforms
The Fourier-Mukai transform was firstly defined by Mukai in [19] and has proven to be an important tool for the study ot the moduli spaces of sheaves on algebraic schems. The case of abelian varieties is considered in [19] and the case of K3 surfaces in [4] and [23] . Further applications of the Fourier-Mukai transform can be founded in [20] , [22] , [18] , [8] , [25] or [7] . The relative version of this transform is also interesting (cf. [21] for a relative Fourier-Mukai transform for abelian schemes) and it provides a description of mirror symmetry when applied to elliptically fibred K3 surfaces (cf. [5] ).
Here we consider an elliptic fibration p : X → B as above and the associated "dual" fibration p : X → B. We shall define a relative Fourier-Mukai in this setting by means of the relative universal Poincaré sheaf P on the fibred product X × B X as in [5] .
We can normalize the Poincaré sheaf so that
P is also flat over X, and P * enables us to identify p : X → B with a compactification of the relative Jacobian J 0 → B ofp : X → B.
We shall denote by J n → B the relative Jacobian of line bundles on p : X → B fibrewise of degree n. Similarly, J n → B is the relative degree n Jacobian ofp : X → B. For every morphism f : S → B we denote all objects obtained by base change to S by a subscript S.
There is a diagram
. There is then a natural notion of WIT i and IT i sheaves. The following result is proved as in [5] :
Let f : S → B be a morphism and L a coherent sheaf on X × B S flat over S whose restrictions to the fibres of p S are torsion-free and have rank one and degree zero. Let φ : S → X be the morphism determined by the universal property, so that
Lemma 2.11 of [5] now takes the form:
Corollary 2.12 of [5] still holds:
We can also define Fourier-Mukai functors S i S , i = 0, 1 by associating with every sheaf
The new Fourier-Mukai transform enjoys the same properties of the original one. The relationship between these functors is more neatly stated if we consider the associated functors
between the derived categories of complexes of coherent sheaves bounded from above. Proceeding as in Theorem 3.2 of [5] , and taking into account Lemma 3.2, we obtain the invertibility statement:
Topological invariants of the Fourier-Mukai transforms.
Our next aim is to compute the Chern classes of the Fourier-Mukai transforms. We restrict ourselves to the case of elliptically fibred surfaces over a smooth curve B; this is the only case we need in this paper. In this case, if e is the degree of the divisor E on B, we have H · p * E = e = −H 2 . Moreover, K X/B = p * E ≡ e µ where µ is the class of a fibre of p. There are similar formulaeforπ : X → B, namelly, Θ ·p * E = e = −Θ 2 and K X/B =p * E ≡ eμ. By Proposition 2.1 the Todd class of the virtual relative tangent bundle of p is given by
where w is the fundamental class of X. A similar formula holds forp.
Let f : S → B be a morphism and F a sheaf on X S flat over S. The topological invariants of the Fourier-Mukai transform S S (F ) = Rπ S * (π * S F ⊗ P S ) are computed by using Grothendieck-RiemannRoch forπ S . The involved schemes may fail to be smooth and we need Riemann-Roch for singular varieties as stated in ( [16] , Cor.18.3.1).
We first notice thatπ S is a l.c.i. morphism since it is obtained form p by base change, and that its virtual relative tangent bundle is Tπ S = (T X/B ) S . By ( [16] , Cor.18.3.1) or ( [17] , Theorem 7.3), we have ch
The Todd class td(T X/B ) S is readily determined from Eq. (3.1). The Chern character of P is computed from
where I is the ideal of the graph γ :
Lemma 3.5. The Chern character of I is:
Proof. I = (1 × ̟ −1 ) * I ∆ where I ∆ is the ideal of the diagonal immersion δ : X ֒→ X × B X. We are then reduced to prove that ch(I ∆ ) = 1 − ∆ − 1/2 δ * (p * E) + e δ * (w). We have ch(I ∆ ) = 1 − ch(δ * O X ). We now use singular Riemann-Roch for the diagonal immersion δ : X ֒→ X × B X to obtain
This is allowed because δ is a perfect morphism ( [16] Cor.18.3.1). Since B is smooth, X and X × B X are l.c.i. schemes and the corresponding virtual tangent bundles are
. Moreover X and X × B X are embeddable in smooth schemes, so that By singular Riemann-Roch forπ S and the above computations we obtain:
Corollary 3.7. The first Chern characters of S S (F ) are 
Semistable degree zero sheaves on Gorenstein elliptic curves
We are going to describe semistable sheaves of degree 0 on a fibre X t . We then consider a single integral Gorenstein curve E of arithmetic genus 1 over an algebraically closed field. Our results are essentially contained in [1] and [27] in the smooth case and in [15] for Weierstrass curves and locally free sheaves. In particular, proceeding as in ([1], Theorem 5) or ( [15] , Lemma 3.1) one proves: Lemma 4.1. For every n ≥ 0, there exists a unique torsion-free semistable indecomposable rank n and degree 0 sheaf A n with H 0 (E, A n ) = 0. Moreover, A n is locally free and for every n > 0 there is an exact sequence
We shall refer to A n as the rank n Atiyah sheaf . For any partition α = (j 1 , . . . , j s ) with n = j 1 + · · · + j s of n, we write A (α) = A j1 ⊕ · · · ⊕ A js . Let F be a torsion-free semistable sheaf F on E of rank n and degree 0. By Theorem 1.1 of [15] , and using the same notation, there exists a unique (up to the order) sequence L 1 , . . . , L r of rank 1 torsion-free sheaves of degree 0, such that
Moreover, every subsheaf F (L i ) is a direct sum of indecomposable sheaves of the same type, that is, there exists a partition α( 
where
3) we can assume that F is indecomposable and of the form F = F (L) for a torsion-free sheaf L of rank 1 and degree 0. We have then to prove that F ∼ → L ⊗ A n . We proceed by induction on n, the case n = 1 being trivial. For n > 1, there is an exact sequence
One easily observes that F ′ is an indecomposable torsion-free sheaf of rank n − 1 and degree 0 and that 
. . , L r is the corresponding sequence of rank 1 torsion-free sheaves of degree 0. 8 
Relatively semistable degree zero sheaves on elliptic fibrations
In this section we are going to describe the structure of relatively semistable sheaves on an elliptic fibration p : X → B.
Let us denote by M(n, 0) the (coarse) moduli scheme of (S-equivalence classes of) B-flat coherent sheaves on X → B whose restrictions to the fibres are torsion-free and semistable of rank n and degree 0. We shall denote by [F ] the point of M(n, 0) defined by a sheaf F . We shall see that F is WIT 1 and that its Fourier-Mukai transform F defines a point of the relative n-th symmetric product Sym n B X → B of X → B. The support Z of F is finite over B generically of degree n, so defining, also generically, a point in Sym n B X. This is nearly our construction, but we have to perform some changes in order to make the whole picture work. We shall define a morphism M(n, 0) → Sym n B X first for vector bundles and then the morphism will be extended all torsion-free sheaves. Even for vector bundles, we have to use the 0-th Fitting ideal instead of the annihilator of F due to its better functorial behaviour.
We start by stating some properties of the Fourier-Mukai transform for sheaves on a single fibre of p : X → B.
Proposition 5.1. Let F be a zero-degree torsion-free semistable sheaf of rank n ≥ 1 on a fibre X t .
( (1) The Fourier-Mukai transform S 1 induces an isomorphism of B-schemes Proof. Let M(n, 0) be the moduli functor of S-equivalence classes of B-flat coherent sheaves on X → B whose restrictions to the fibres are torsion-free and semistable of rank n and degree 0, and let M(n, 0) the open subfunctor coresponding to locally free sheaves.
(1) Since Fitting ideals are compatible with arbitrary changes of base, Proposition 5.1 entails that given a morphism S → B and a S-flat coherent sheaf F on X S → S fibrewise locally free and semistable of rank n and degree 0, O XT /F 0 ( F ) is a S-valued point of Hilb n ( X ′ /B) that only depends on the S-equivalence class of F . We can then define a functor morphism M(n, 0) → Hilb n ( X ′ /B). By definition of the coarse moduli scheme, this induces a morphism of B-schemes
To see that F ′ is an isomorphism we define a morphism G : Sym Let S → B be a B-scheme and let σ : S → n B X be a morphism of B-schemes, that is, a family of points σ i : S → X. We then define G(σ) = [⊕ i P * i ], where (2) Since G ′ is an isomorphism M(n, 0) is normal. Then M(n, 0) is normal as well since M(n, 0) has codimension greather than 1. Moreover G is birational and again by Corollary 4.3 and Proposition 5.1, it is bijective on closed points. Then Zariski Main theorem implies that G is an isomorphism, and
There is a "determinant" morphism of B-schemes
on closed points by det([F ]) = [det(F )], where [det(F )] is the point of J 0 determined by det(F ).
Let us consider the following isomorphisms: τ :
We now have:
There is a commutative diagram of B-schemes M(n, 0)
where φ n is the Abel morphism of degree n.
Proof. Since M(n, 0) and J 0 are integral, we can check the commutativity of the diagram only for the closed points. Let F be a locally free semistable sheaf on a fibre X t of rank n and degree 0. By Corollary 4.3, F is S-equivalent to a direct sum
Eq. (5.1) gives the desired result.
The previous Theorem generalizes Theorem 3.14 of [12] and can be considered as a global version of the results about the relative moduli space of locally free sheaves on X → B whose restrictions to the fibres have rank n and trivial determinant obtained in Section 4 of [15] . Theorem 5.3 leads to these results by using the structure theorems for the Abel morphism. In order to derive them we start by reviewing some standard facts about φ n : Sym Let L n be a universal line bundle over q :
n ⊗ω X/B ) is a locally free sheaf of rank n and then defines a projective bundle P(P * n ) = Proj S
• (P n ) (the projective spectrum of the symmetric algebra).
The following result is well known (see, for instance, [2] ):
′ is a hyperplane section. Moreover, Sym n B X ′ is dense in P(P * n ) and the above immersion induces an isomorphism Sym n U X U ∼ → P(P * n|U ).
If P n = (γ −1 ) * P n , by Theorem 5.3 and the above Lemma one has
We now obtain the structure theorem proved in [15] . Let M(n, O X ) = (det) −1 (ê(B)) be the subscheme of M(n, 0) of those locally free sheaves on X with determinant class
Corollary 5.7. There is an dense immersion of B-schemes
M(n, O X ) ֒→ P(V n ) , where V n = p * (O X (
nH)). Moreover, this morphism induces an isomorphism of U-schemes
Proof. It is enough to note thatê
5.1. The Picard group and the dualizing sheaf of the moduli scheme. Theorem 5.2 and Proposition 5.5 enable us to compute the Picard group of the moduli scheme M(n, 0).
Proposition 5.8. There is a group immersion
Proof. By Theorem 5.3, the complement of M(n, 0) has codimension at least 2 in M(n, 0). By Proposition 5.5, M(n, 0) is a subscheme of P( P * n ) whose complement has codimension greather than 1, so that Pic(M(n, 0)) ≃ Pic(P( P * n )). Moreover, Corollary 5.6 implies that the class of the relative polarization Θ n,0 in Pic(M(n, 0)) goes to the class of O P( P * n ) (1) in Pic(P(P * n )). Finally, Pic( X) ∼ → Pic(J 0 ), and the result is now straightforward.
Our next aim is the determination of the dualizing sheaf of M(n, 0) as a k-scheme. We now assume that B is smooth so that X (and X) are Gorenstein. Let K X be a canonical divisor in X.
Theorem 5.9. The Cartier divisor K = η(K X ) − nΘ n,0 is a canonical divisor of M(n, 0).
Proof.
We have two open immersions j : M(n, 0) ֒→ M(n, 0) and h : M(n, 0) ֒→ P( P * n ) (Proposition 5.5), and then, a natural isomorphism between the restrictions of the dualizing sheaves
) . Relative duality for the projective bundle Φ n : P( P * n ) → J 0 gives
Moreover, since M(n, 0) is the smooth locus of M(n, 0) ∼ → Sym n B ( X) and this scheme is normal, we have
thus finishing the proof.
A global spectral cover construction
In this section we provide a global construction of the spectral cover described in [15] (sections 4.3 and 5.1).
To this end we shall exploit the isomorphism M(n, 0) ∼ → Sym There is then a commutative diagram
is the spectral cover constructed in [15] .
For a general S, the morphism g A : C A → S may fail to be flat, because g is not. We shall consider a slightly different notion of spectral cover which is flat of degree n in some important cases and has good functorial properties. This will enable us to prove characterization theorems for stable sheaves without the restrictions imposed in [15] .
If
′ is flat of degree n.
Definition 6.3. The restricted spectral cover associated with A is the scheme-theoretic closure
The morphism g A induces a finite morphism h A : D A → S. We shall study this restricted spectral cover. The first thing we see is that it coincides with the original spectral cover when A takes values in Sym n S X ′ S ≃ M(n, 0) S → S. However, for a general S, the restricted spectral cover D A may be empty.
We now restrict our attention to base schemes of the form S = B × T , where B is a smooth curve. In this case, the restricted spectral cover contains the support of the Fourier-Mukai transform of the sheaf F corresponding to A as a subscheme of codimension zero. This support is the spectral cover considered in [3] and it is then quite similar to the restricted spectral cover: 
− − → S → T is compatible with base changes, that is, if V → T is a scheme morphism and W
′ is flat, h At is dominant and then is flat as well because B is a smooth curve. (4) Let Z A ֒→ X × T be the associated cycle. For every t ∈ T , the morphism (Z A ) t → B is flat because it is dominant. Since it has the same degree of D At → B they coincide. Then D A = Z A which is a Cartier divisor. (5) Let Supp( F ) be the support of F . If we prove that it is a closed subscheme of D A , then the codimension must be zero by (1) . In order to prove this, first notice that by (2), the restriction Supp(
is then reduced to prove that Supp( F ) is the scheme-theoretic closure of Supp( F ) | X S ′ . This is a local problem in X S . Since F is flat over S, the result follows from the following Lemma. Given a point b 0 ∈ B, the fibre h
is an ample effective divisor of degree n in D A and it then defines a polarization H(A) that does not deppend on b 0 (in the class of algebraic equivalence). Given a sheaf G on D A , we define the rank r(G) and the degree d(G) (with respect to H A ) by means of the Hilbert polynomial:
We also define: Definition 6.6. A sheaf G on a curve is said to be torsion-free if it has pure dimension 1 (cf. [26] ) and support of codimension zero.
For integral curves this definition coincides with the standard one. In the more general case S = B × T , given a S-flat sheaf F on X S → S fibrewise torsion-free and semistable of rank n and degree 0 and the point A = F([F ]) : S → Sym n S ( X S ) defined by F , the restricted spectral cover can be considered as a relative flat curve D A hA − − → B × T → T . It admits a relative polarization H(A) = D A ∩ X b0×T of relative degree n. We define the relative rank and degree of a T -flat sheaf G on D A as above. Proof. F is flat over S = B × T and then it is flat over T as well. We can now assume that T is a point. By Proposition 6.4, the support of F has codimension zero in D A . If there is a subsheaf G of F concentrated on a zero-dimensional subscheme of D A , G is WIT 0 as a sheaf on X and the inverse Fourier-Mukai transform S 0 (G) is a subsheaf of F = S 0 ( F ) concentrated on fibres of p : X → B, which is absurd since F has pure dimension greather than one. Then F is torsion-free on D A . In order to compute its rank and degree on the curve D A we use singular Riemann-Roch on X. The sheaf
Since td( X) = 1 − 7. Global moduli space of semistable sheaves on an elliptically fibred surface
We shall apply the theory so far developed to the study of the global moduli of stable sheaves on an elliptically fibred surface.
We assume that B is a smooth curve. Let H be the Hilbert scheme of sections of the projection π n : Sym
There is a universal section A : B × H ֒→ Sym 
X × H is a finite morphism generically of degree n. The spectral coverg A : C A → Y associated with the universal section A is the finite morphism obtained by pullingg back by 1 × A. We have then a cartesian diagram 
Proof. Since L is flat over B × T and commutes with base-change, we can assume that T is a single point. By singular Riemann-Roch, the Chern characters of L as a sheaf on
A . Formulae for the Chern characters of L now follow from Corollary 3.8 and Proposition 6.7. Then L has rank n and relative degree zero. Since it is WIT 1 all its subsheaves are WIT 1 as well. Then L has neither subsheaves fibrewise supported on dimension zero, nor fibrewise torsion-free and positive degree subsheaves.
Let H p,ℓ be the subscheme of those points h ∈ H such that the arithmetic genus of ρ −1 (h) is p and
is a disjoint union of connected components of H. We have then Proof. We can assume that T is irreducible. Then, S = B × T is also irreducible and by the previous Lemma, we have only to prove that given a torsion-free sheaf F on p S : X S → S fibrewise of rank n and degree 0, if the restriction of F to the generic fibre is semistable, then its restrictions to all fibres are semistable.
Let V ⊆ S be the open subset of the points s such that F s is semistable and let F V = F |XV . By Proposition 6.4 the Fourier-Mukai transform N = S Let us write ∆ = ∆(n, g, s, r) and let aH + bµ be a polarization of X of the type considered in the lemma for (n, ∆, u). Given a k-scheme T and T -flat sheaf F on X × T → T of relative Chern character (n, ∆, u) and semistable with respect aH + bµ, by Lemma 7.2 we can think of F as a relative sheaf on X × T → B × T , flat over B × T and fibrewise torsion-free and semistable of rank n and degree 0. This defines a B × T -valued point [F ] of the relative moduli scheme M(n, 0) and then a point
Let us consider the functor M of torsion-free sheaves on X semistable with respect to aH + bµ and with Chern character (n, ∆, u), (without identifying S-equivalent sheaves). We have a morphism of functors q : M → H that can be decomposed into morphisms of functors 
Proof. If T is a k-scheme and (A, L) is a T -valued point ofJ c n − e = 2c − en n where the second inequality is due to Eq. (7.2). Then n < n ′ which is absurd. The proof of the stability is the same. Let J r p,ℓ be the moduli of H p,ℓ -flat sheaves on ρ p,ℓ : D Ap,ℓ → H p,ℓ whose restriction each fibre is torsion-free of rank one degree r and stable with respect to Ξ (cf. [26] ). We can think of J We can also assume that G is (aH + b 0 µ)-stable. Then both G and Q are fibrewise semistable of degree zero, so that they are WIT 1 and S
Moreover, χ(X, S The above isomorphism does not extend to an isomorphism between the relative JacobianJ r p,ℓ of H p,ℓ -flat sheaves on ρ p,ℓ : D Ap,ℓ → H p,ℓ whose restriction each fibre is torsion-free of rank one degree r and semistable with respect to Ξ and the moduli scheme M p,ℓ (a, b) of sheaves in M p,ℓ that are (aH + bµ)-semistable. We notice that if the curve D A is integral all rank one semistable sheaves on D A are actually stable, whereas for non-integral curves, rank one semistable and non-stabel sheaves on D A can only occur if the Euler characteristics is zero, χ(D A , L) = 0. In this last case S-equivalence is not preserved by the isomorphism of functorsJ r p,ℓ ∼ → M p,ℓ
